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l. INTRODUCTION 
The graphs considered in this paper are simple, that is each edge has 
two distinct ends and no two distinct edges have the same pair of ends. 
They are also finite. 
A partition of order k of a graph G is a class P of k distinct subgraphs 
of G such that each member of P has at least one edge, and each edge 
of G belongs to just one member of P. We say P is planar if it is null, 
or if each member of P is a planar graph. 
G has thickness t if it has a planar partition of order t, but no planar 
partition of order < t. It is clear that if G has thickness t then no sub-
graph of G has thickness exceeding t. If every proper subgraph of G has 
thickness < t we say G is t-minimal. 
The only 0-minimal graph is the null graph, and the only !-minimal 
graph consists of a single edge and its two ends. The 2-minimal graphs 
are given by KuRATOWSKI's Theorem [2, 4]. They are infinite in number 
but they can be classified very simply as the subdivisions of the Thomsen 
graph and the complete 5-graph. 
It has recently been discovered that the thickness of the complete 
9-graph exceeds 2 [l, 6]. But the graph obtained from the complete 
9-graph by deleting one edge has the planar partition shown in Figure I. 
Here any two vertices with the same label are to be identified. The deleted 
edge corresponds to vertices 2 and 4. 
The complete 9-graph is thus an example of a 3-minimal graph. So 
far as I know no other t-minimal graph with t;;;. 3 has been identified. 
In this paper we establish the existence of an infinity of t-minimal 
graphs, for each t;;;. 3, satisfying certain valency conditions. 
2. A THEOREM ON PLANAR GRAPHS 
We denote the numbers of vertices, edges and components of a given 
graph G by 01:0, 01:1 and po respectively. We also write 
(1) Pl = 1XI-1Xo+po. 
It is known that Pl > 0, and that Pl = 0 only if G is a forest, that is 
a graph having no polygon [3, Kap. IV Satz 14]. If G has a polygon 
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Fig. l 
we define the girth g of G as the least integer which is the number of 
edges of some polygon of G. 
The valency of a vertex of G is the number of incident edges. If G is 
non-null the greatest and least integers occurring as valencies of vertices 
of G are the upper valency u and lower valency l of G respectively. In 
this case we define the average valency v of G by the equation a0v = 2a1. 
We then have 
(2.1) Either l<v<u or l=v=u. 
In the latter alternative we call G a regular graph of valency v. 
For any graph H we may write the number of edges as a1(H) instead 
of a1, and similarly for the other numerical functions of graphs defined 
above. We use this longer notation whenever a graph is denoted by a 
letter other than G. 
(2.2) If G is planar and P1>0, then gp1<2a1. 
Proof. If possible choose G so that the theorem fails and a 0 has 
the least value consistent with this condition. 
Suppose first that G is separable. This means that G is the union of 
two proper subgraphs Hand K with no common edge and at most one 
common vertex. Without loss of generality we may suppose that g(H) = g 
and that either g(K) :> g or p1(K) = 0. Then, by the choice of G, we have 
gp1(H) < 2a1(H), 
gp1(K) < 2a1(K). 
Write e = 1 if H and K have a common vertex, and e = 0 otherwise. 
Then ao(H) + ao(K) = ao + e, a1(H) + a1(K) = a1 and po(H) + po(K) =Po+ e. 
It follows by (1) that p1(H) +p1(K) =P1· On summing the above inequalities 
we therefore obtain gp1 < 2ab which is contrary to the choice of G. 
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In the remaining case G is non-separable. It then separates its com-
plementary point-set in the closed plane into IX2 simply connected domains, 
each bounded by a simple closed curve made up of edges of G. By Euler's 
polyhedron formula we have 
(2) 
It is clear that G has at least one polygon with not more than 21XI/1X2 
edges. Hence 
(3) 
gp1 < 21Xl, by (2) and (3). 
Again the choice of G is contradicted. The theorem follows 
3. THICKNESS AND VALENCY 
(3.I) Let G be a graph of thickness t. Let G' be formed from G by deleting 
either a single edge or a single vertex with all its incident edges. Then the 
thickness of G' is either t or t- I. 
Proof. Let the thickness of G' be k. Since G' is a subgraph of G we 
have k.;;;; t. Suppose k < t. The deleted edges define a planar subgraph 
H of G. Adjoining this to any planar partition of order k of G' we obtain 
a planar partition of order k + I of G. Hence k = t- I. 
(3.2) Let k be a non-negative integer and let G be a graph of thickness t>k. 
Then there exists a k-minimal subgraph of G. 
Proof. LetS be the class of all subgraphs of G with thickness > k. 
The setS is non-null, since G E S. Let H be a member of S with the least 
possible value of 1Xo(H)+1XI(H). If the thickness of H exceeds k we can 
delete one edge of H to obtain a subgraph H' of H with thickness > k, 
by (3.I). But then H' ES, and the definition of His contradicted. We 
deduce that the thickness of H is k. Moreover every proper subgraph of 
H has thickness <: k. Thus H is k-minimal. 
(3.3) Every t-minimal graph is connected and non-separable 
Proof. If the theorem is false there exists at-minimal graph G which 
is the union of two proper subgraphs Hand K having no common edge 
and at most one common vertex. 
H and K have planar partitions PH and PK respectively, each with 
at most t-1 members. We may suppose PH to have at least as many 
members as PK. But if H1 E PH and K1 E PK the planar graphs H1 and K1 
have no common edge and at most one common vertex. Their union is 
therefore planar. We pair off the members of PK with members of PH. 
Taking the corresponding unions, and any members of PH left over, we 
obtain a planar partition of G of order .;;;; t- I. But this is contrary to the 
definition of G. 
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(3.4) If G is a t-minimal graph, where t > 0, then l > t. 
Proof. Suppose G has a vertex W of valency w<t. Clearly w>O 
by (3.3), and so t;;. 2. Let G' be obtained from G by deleting W and its 
incident edges. Since G is t-minimal the thickness of G' is t-1, by (3.1). 
Let {H1, H2 ... , Ht-1} be a planar partition of G' of order t-1. 
Enumerate the edges of G incident with W as E 1, E 2, ••• , Ew. For 
1 .;;;j .;;;w let K1 be the subgraph of G obtained from Hi by adjoining E1 
and each end of E1 not already present in H 1. For w<j .;;;t-1 we write 
K 1=H1. Clearly {K1 , K 2, ... , Kt-1} is a planar partition of G, which is 
contrary to hypothesis. 
We deduce from (3.4) that a t-minimal graph, with t;;. 3, cannot be 
a subdivision of a~other graph. We may therefore expect the 3-minimal 
graphs to be more difficult to classify than the 2-minimal ones. 
(3.5) Let G be a graph of thickness t > 2. Then u > 2t- l. Moreover if 
u = 2t- 1 there are more than 2t- 2 vertices of valency u. 
Proof. If the theorem is false there is a graph G of thickness t such 
that u.;;;; 2t- 1 and there are at most 2t- 2 vertices of valency 2t- l. 
By deleting not more than 2t-2 edges we obtain a graph G' in which 
no vertex has valency exceeding 2t-2. Let the set of deleted edges be S. 
We take S to be as small as possible. G' has a partition {Hb H 2, ••• , H~c} 
of order k.;;;t-1 such that u(Ht)<2 for each Ht [3, Kap. XI, Satz 6]. 
This partition is evidently planar. We deduce that G has a vertex of 
valency 2t- 1, G' has a vertex of valency 2t- 2, and k = t- l. For each i, 
(1.;;;i.;;;k), we construct a subgraph Kt ofG by adjoining to Ht not more 
than 2 members of S, with all their incident vertices not already belonging 
to Hi. We' arrange that each member of Sis adjoined to just one of the 
subgraphs Hi. Now no one of the subgraphs Ki has more than 4 vertices 
whose valency exceeds 2. Hence the graphs Ki are planar, by Kuratowski's 
Theorem. Accordingly {K1, K2, ... , K~c} is a planar partition of G. But 
this is contrary to hypothesis since k = t- l. 
(3.6) Let {H1, H2, ... , H~c} be a partition, of order k> 1, of a graphG.Suppose 
v;;.2k. Then for some j, (1.;;;j.;;;k), we have v(HJ)>vfk and P1(HJ)>0. 
Proof. Suppose v(Ht)<k-1v for each Hi. Then 
2cX1 = 2! cX1(Hi) =! v(Ht) cXo(Ht) 
i i 
<! k-1vcXo=VcXo=2cX1. 
i 
From this contradiction we deduce that there is an H 1 such that 
v(H1);;. k-1v. We then have v(HJ) > 2, that is cX1(HJ) > cXo(H1). It follows 
from (1) that p1(Hi) > 0. 
(3.7) If G has thickness t;;. 1 and average valency v>2t, then 
2v 
g<--. 
v-2t 
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Proof. There is a planar partition, of order t, of G. By (3.6) there 
exists H EP such that v(H);;;.t-1v and Pl(H)>O. Hence g(H) and g are 
defined. ~oreover 
21Xl(H) 
g < g(H) < 1X1(H) -1Xo(H) +I ' by (2·2), 
2v(H) 
<---
v(H)-2 
2t-1v 2v 
< =--. t-lv- 2 v- 2t 
4. SOME GRAPHS OF THICKNESS > 3 
If n > 3 the complete n-graph has girth 3 and average valency n- 1. 
It follows from (3. 7) that its thickness exceeds (n -I )/6. 
Consider a graph Kr,r :where r is an integer ;;;. 2, constructed as follows. 
There are 2r vertices. These are arranged in two sets X and Y of r vertices 
each, and two vertices are joined by an edge if and only if they belong 
to different sets X and Y. In Kr,r the girth is 4 and the average valency 
is r. 
Using (3.2) we find that Ks,s has a 3-minimal subgraph H. The upper 
valency of His at most 8 and the number of its vertices does not exceed I6. 
~oreover H is not a complete 9-graph. 
Given any connected graph G and a positive integer n we can construct 
a graph c/>n(G) as follows. First we form a graph K having exactly n compo-
nents, each isomorphic with G. Let these components be enumerated as 
K1, K2 ... , Kn, and in each one let the vertices be numbered from I to IXo. 
We adjoin to K a set V of IXO new vertices, also numbered from I to IXo. 
Finally we join the qth new vertex to each of the n vertices of K numbered 
q (I< q < 1Xo). The resulting graph is cfon(G). 
It is clear that cfon(G) has (n+ I)1Xo vertices and n(1Xo+1X1) edges. If G 
is a regular graph of valency n-I then cfon(G) is a regular graph of valency n. 
The graph cfon(G) is not uniquely defined, for a change in the numbering 
of the vertices of one of the gra.phs Ki will in general alter the structure 
of cfon(G). But in every case cfon(G) satisfies the following theorem. 
(4.I) If G has girth 6, then cfon(G) has girth 6. 
Proof. Let L be any polygon of cfon(G). If L is contained in one of 
the graphs Ki, then L has at least g= 6 edges. In the remaining case L 
passes through at least two vertices of V. It therefore includes at least 
four edges incident with vertices of V and at least two edges of K. We 
deduce that the girth of cfon(G) is at least 6. Since this girth cannot exceed 
that of G the theorem follows. 
Let us take G to be a hexagon and write Q = cfoacfoscfo4cfos(G). Then Q is a 
regular graph of girth 6 and valency 6. By (3.5) and (3. 7) its thickness 
is 3. It has 7! = 5040 vertices and 3.7! = I5I20 edges. 
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Using (3.2) we find that there exists a 3-minimal graph, of upper valency 
..;;;; 6 and girth ;;;. 6, which has not more than 5040 vertices. Presumably 
there are many such graphs because of the ambiguities in the definition 
of Q. 
Theorem (3. 7) is evidently a crude instrument for detecting 3-minimal 
graphs. For example it does not tell us that the thickness of the complete 
12-graph exceeds 2, although we know the complete 9-graph to be 3-
minimal. We can however use it to prove some existence theorems which 
perhaps will provide some guidance in the development of a deeper theory. 
5. EXISTENCE THEOREMS 
Let x and y be vertices of a graph G. We define the distance d(x, y) 
between them as the least number of edges required to make a path in 
G from x to y. If x=y we take d(x, y) to be zero. The above definition 
applies only if x andy are in the same component of G. In the remaining 
case we write d(x, y) = oo. 
For integers w;;;. 3 and r;;;. 1 we write 
(5) r-l (w-1)r-1 J.(w, r) = -~ (w-1)1 = ( _ 2) . ,~o w 
(5.1) Let x be a vertex, of valency w, of a graph G whose upper valency 
is u. Let r be an integer ;;;. 1. Then the number of vertices of G whose distance 
from x does not exceed r is at most wJ.(u, r) + 1. 
Proof. There is just one vertex at distance 0 from x, and at most w 
at distance 1. If there are k vertices at distance s;;;. 1 from x then the 
number at distances+ 1 from xis at most k(u-1). The theorem follows. 
(5.2) Let n;;;. 2 and k;;;. 3 be integers. Then there exists a regular graph G 
of valency k and girth g > n such that 
~Xo=(k-1) {J.(k,n)+.l.(k,n-1)+1}. 
Proof. LetS be the set of all graphs H satisfying the following con-
ditions 
(i) ~Xo(H)=(k-1) {J.(k, n)+J.(k, n-1)+1}. 
(ii) u(H)..;;;; k. 
(iii) H has no polygon with n or fewer edges. 
S is non-null, for it includes one edgeless graph. 
Let S1 be the set of all H E S for which 1X1(H) has its maximum value. 
Let S2 be the set of all H E S1 for which l(H) has its maximum value lo. 
Let Sa be the set of all H E S2 for which the number of vertices of valency 
lo has its least value. 
For each H E Sa we define an integer h(H) as follows. If lo = k then 
h(H) = 0. Otherwise h(H) is the greatest distance d(x, y) in H such that x 
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has valency l0 and y has valency < k. We do not exclude the value 
h(H) = oo. In special cases x and y may coincide. Let S4 be the set of all 
H E Sa for which h(H) has its maximum value. 
Assume lo < k. 
Choose G E S4• There are vertices x and y of G, not necessarily distinct, 
such that the valency of x is lo, the valency of y is < k and d(x, y) = h(G). 
We note that ify' is any vertex ofG whose valency is < k then d(y,y') <n. 
For otherwise we can join y and y' by a new edge and so obtain a member 
of S with more edges than G. 
As one consequence of this result we have 
(6) h(G).;;;;n-l. 
By (5.1} there are not more than (k-1) .A(k, n-1) + 1 vertices distant 
<n from x and not more than (k-1)A(k,n}+1 distant <n+1 from y. 
By (6} the two sets overlap in x and y. Hence, by condition (1}, there 
is a vertex z of G such that d(x, z);;;. n and d(y, z);;;. n + l. Let z' be a vertex 
directly joined to z. Then d(y, z');;;. d(y, z) -1;;;. n. Hence both z and 
z' have valency k. 
We join x and z by a new edge E and delete the edge zz'. We thus 
obtain a new member G' of S1. In G' the valency of xis lo+ 1 and that 
of z' is k-1, but the other valencies are the same as in G. If lo<k-1 
it follows that G' has fewer vertices than G of valency l0, and no vertex 
of valency < lo, which is contrary to the choice of G. We deduce that 
lo=k-1 and G' E Sa. 
Suppose Y"*X. Let P be a path from y to z' in G'. If it is a path in G 
it has at least d(y, z');;;. n edges. In the remaining case it traverses E 
and contains a path in G from x to z' or from y to x. In the former alter-
native it has more than n- 1 edges, and in the latter more than h(G). 
We deduce, using (6), that h(G')>h(G}, which is contrary to the choice 
of G. 
In the remainin_g case y = x. Then x has valency k- 1 and every other 
vertex of G has valency k. But if k is odd £Xo(G) is even, by Condition (i). 
Thus, for each parity of k, the theorem that the number of vertices of 
odd valency must be even is contradicted. We deduce that in fact l0 = k, 
so that G is a regular graph of valency k. Then p 1(G) > 0, by (1}, and the 
girth g of G is defined. This girth exceeds n, by Condition (iii). The 
theorem follows. 
We see from ( 5.2) that for each positive integer m;;;. 2 there exist regular 
graphs of valency 2m-1 and arbitrarily large girth. If the girth of such 
a graph is 4m-2 or more the thickness must be m, by (3.5) and (3. 7). 
Hence, by (3.2) we have 
(5.3) For each integer t;;;.2 there exist infinitely many non-isomorphic 
t-minimal graphs of upper valency 2t-1, and of girth greater than any 
specified integer N. 
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The t-minimal graphs of (5.3) have lower valencies > t, by (3.4). 
For t = 2 they are subdivisions of the Thomsen graph. 
Theorem (5.3) complements Theorem (3.5) by show~ng that the lower 
bound 2t-1 for the upper valency of a t-minimal graph can actually be 
attained. In what follows we prove a little more. We show that there are 
t-minimal graphs, for each t;;. 2, whose upper valency is 2t-1 and in 
which the number of vertices of that valency is an arbitrarily small 
fraction of the total number of vertices. 
We denote the number of vertices of a graph G having the upper valency 
'U by (3. If (3 > 2 we define the dispersion D of G as the least distance 
between two distinct vertices of valency u. 
(5.4) Let k;;. 2, n;> 2 and q> 1 be integers. Let 8 be a real number satisfying 
(9) 1 0 < 8 < (k+1) ll(k+1, q)+1 ° 
Then there exists a graph G for which u = k + 1, l = k, g > n, D > q and 
(3 1 
- > -8. 
iXO (k+1)/l(k+1,q)+1 
Proof. Let]( be a regular graph of valency k such that g(K)>n and 
(10) 1 { kll(k+1,n-1)+1} £Xo(K) > 8 - 2 + (k+ 1) ll(k+ 1, q) + 1 · 
Such a graph exists, by (5.2). If k=2 we take]( to be a sufficiently large 
polygon. Let S be the class of all graphs H satisfying the following 
conditions, where (3(H) is redefined as 0 if u(H) = k. 
(i) £Xo(H) = £Xo(K). 
(ii) u(H) < k + 1 and l(H) > k. 
(iii) H has no polygon with n or fewer edges 
(iv) (3(H) is even and satisfies. 
(11) £Xo(H) > k ll(k + 1, n-1) + 1 
+f3(H) {(k+1)/l(k+1,q)+1}. 
The set s is non-null since it includes K. Let sl be the set of all H E s 
for which (3(H) has its greatest value /31. 
Choose HE sl. By (11) there is a vertex X of H having valency k. By 
(5.1) the number of vertices of H whose distance from xis at least n is 
> £Xo(H)- kll(k + 1, n-1) -1 
>f3(H) {(k+1) ll(k+1, q)+1} 
> (3(H). 
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Hence there is a vertex y of H of valency k such that d(x, y) ;?n. Joining 
x and y by a new edge we obtain a graph satisfying Conditions (i), (ii), 
and (iii), and having (31 + 2 vertices of valency k + l. Since H E S1 we 
must have 
ao(H) <kA(k+ 1, n-1) + 1 
+(/31+2) {(k+1) A(k+1, q)+1}, 
/31 1 
ao(H) > (k+1) A(k+1, q)+1 
1 { 2 kA(k+1; n-1)+1 } 
- ao(H) + (k+1)A(k+1, q)+1 ' 
(12) /31 1 -- > -e. 
ao(H) (k+ 1)A(k+ 1, q) + 1 
Since (31 is even it follows from (9) that (31 > 2. Hence dispersion is 
defined for each member of s1. 
Let s2 be the set of all H E s1 for which the dispersion has its greatest 
value Do. 
Assume Do< q. 
If H E S2 we define Z(H) as the set of all vertices z of H such that z 
has valency k + 1 and is at distance Do from some other vertex of valency 
k + l. Then Z(H) is non-null by the definition of dispersion. 
Let Sa be the set of all H E s2 such that Z(H) has the least possible 
number of members. 
Choose H E Sa. Let z be a vertex of Z(H) and let x be a vertex of H 
joined to z by an edge. If possible choose z and x so that x has valency k. 
If this is not possible we must take x with valency k + 1. The second 
alternative can arise only when Do= 1 and when each component of H 
with one vertex in Z(H) has all its vertices in Z(H). 
The number of vertices of H distant at least n from x and more than q 
from any vertex of valency k+ 1 is, by (5.1) not less than 
ao(H)- (kA(k+ 1, n-1) + 1) 
- f31{(k + 1)A(k+ 1, q) + 1 }. 
For if x has valency k+ 1 then d(x, y) = oo for every vertex of valency k. 
But this number is at least 1, by (11). Hence there is a vertex y of H, 
of valency k, distant more than n- 1 from x and more than q from any 
vertex of valency k + l. 
Joining x andy by a new edge A and deleting the edge xz we obtain 
a graph H' E S1• In this graph z has valency k and y has valency k + l. 
The other valencies are the same as in H. 
Let the dispersion of H' be D' <Do<q. 
Let z1 and z2 be two vertices of H', of valency k+ 1, joined by a 
path P of length D' in H'. 
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Suppose Pis a path in H. Then neither z1 nor z2 is y, by the definition 
of y. It follows that D' =Do and z1 and Z2 are vertices of Z(H). 
Suppose on the other hand that Pis not a path in H. Then P traverses 
A, and we may suppose z1 = y. This implies that Z2 has valency k + 1 in H. 
But P contains a path in H from x to z2. Hence d(x, z2) < D'- 1 and 
d(z, z2 ).;;;D' in H. It follows that D'=Do and z2 EZ(H). Moreover 
d(x, z2)=Do-l. 
Combining these observations we deduce first that D' =Do, whence 
H' E 8 2. Moreover Z(H') ~ (Z(H)- {z}) U {y}. Hence H' E83 andy E Z(H'). 
Since y E Z(H') there must be a path P of the second kind. Hence there 
exists z2 EZ(H)-{z} such that d(x, z2)=Do-1 in H. 
Let w be a vertex of H', other than x, joined by an edge toy. By the 
choice of y the valency of w is k. Repeating the above argument with 
H', wand yreplacing H, x and z we find that there is avertexz3EZ(H')- {y} 
such that d(w, Z3) =Do -1 in H'. But Z3 E Z(H). Since d(w, z3);;;;. d(y, Z3)-
1;;;;. q >Do- 1 in H any path from w to Z3 in H' which is of length Do- 1 
must pass through y and A. It therefore contains a path in H', of length 
< D0, joining the two distinct vertices y and Z3 of Z(H'). This is impossible 
since H' E 82. 
From this contradiction we deduce that in fact Do>q. 
Hence any. graph G E 82 has the required properties, by Conditions (i), 
(ii), and (iii) and Formula 12. The fact that Do>q> 1 ensures that l=k. 
Consider the graph G of (5.4), taking k to be an even number 2m-2. 
For the average valency v we have 
1XoV = 1Xo(2m- 2) + {3, 
1 
v>2m-2 + (k+1) A.(k+1, q)+1- e. 
Now e is independent of n. Let us taken so large, k, q and e being fixed, that 
{ 1 }-1 g > (4m-4) (k+1)A.(k+1, q)+1- e + 2. 
Then it follows from (3.5) and (3. 7) that the thickness of G is m. 
Applying (3.2) and (3.5), the latter to show that dispersion is defined, 
we obtain the following theorem. 
( 5.5) For each integer t;;;;. 2 there exist infinitely many non-isomorphic 
t-minimal graphs of upper valency 2t- 1, dispersion greater than any 
specified integer M, and girth greater than any specified integer N. 
We observe that if <5 is any positive real number then, for the graphs 
of (5.5), the fraction {3/1Xo is less than <5 for all sufficiently large values 
of M. 
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